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Abstract –We use numerically exact Chebyshev expansion and kernel polynomial methods to
study transport through circular graphene quantum dots in the framework of a tight-binding hon-
eycomb lattice model. Our focus lies on the regime where individual modes of the electrostatically
defined dot dominate the charge carrier dynamics. In particular, we discuss the scattering of an
injected Dirac electron wave packet for a single quantum dot, electron confinement in the dot,
the optical excitation of dot-bound modes, and the propagation of an electronic excitation along
a linear array of dots.
Introduction. – Parallels between optics and elec-
tronics are particularly strong in graphene where low en-
ergy electrons have a linear energy dispersion. As a
consequence, several unconventional electronic devices—
modelled on optical analogues—have been proposed to
control electron propagation in graphene. Most notably
n-p junctions—described in the framework of geometric
optics by a negative refractive index—could serve as Vese-
lago lenses refocussing diverging electron rays [1]. More-
over, they show angle-sensitive transmission including—
for normal incidence—perfect transmission [2]. This so-
called Klein tunnelling in graphene has been verified ex-
perimentally in a set-up of two n-p junctions forming a
Fabry-Perot interferometer [3]. For circular n-p junctions
refraction inside the gated region leads to two caustics
which coalesce in a cusp and focusses the electron density
in the dot [4]. Both for planar and circular n-p junctions
Rashba spin-orbit coupling gives rise to birefringence of-
fering additional control on electron propagation [5, 6].
While large gate-defined quantum dots are adequately
described by ray optics, wave optical features emerge for
smaller dots. In this regime resonances in the conductance
[7, 8] and the scattering cross section [9] indicate quasi-
bound states at the dot. Indeed, electrons can be con-
fined in a circular dot surrounded by unbiased graphene
as the classical electron dynamics in the dot is integrable
and the corresponding Dirac equation is separable [7, 10].
Arrangements of circular dots have also been studied as
corrals forming a resonator [11] or in super-lattices where
they renormalise the group velocity [12]. For a linear chain
of dots, hybridisation of bound states gives rise to an ef-
fective hopping between dot-bound states [13]. Most of
these studies were performed using the continuum Dirac
approximation and therefore have a limited range of va-
lidity. For planar junctions [14] and large dots [8] a tight-
binding approach confirms results obtained in the Dirac
approximation. For small dots, however, such a compari-
son remains to be done.
In this letter, we consider a lattice model and use ex-
act numerical techniques to study the electron dynamics
at circular gate-defined quantum dots. Thereby we con-
firm the scattering resonances and bound states for small
dots. Specifically, we (i) trace the time evolution of a wave
packet scattered at a single dot, (ii) investigate the dot-
bound normal modes, (iii) study the optical excitation of
bound states at the dot, and (iv) follow the propagation
of an excitation along a linear chain of dots.
Model and Computational Method. – Our inves-
tigations are based on the tight-binding Hamiltonian
H =
∑
i
Vic
†
i ci − t
∑
〈ij〉
(c†i cj + c
†
jci) , (1)
where c
(†)
i is a fermionic annihilation (creation) operator
acting on lattice site i of a honeycomb lattice (with carbon-
carbon distance a = 1.42A˚), 〈ij〉 denotes pairs of nearest
neighbours, and the site-dependent on-site potentials Vi
take values as appropriate for the system under consid-
eration. The hopping matrix element t ≈ 3 eV. Actual
gate-defined quantum dot devices might be realised by
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Fig. 1: (Colour online) Schematic representation of the scatter-
ing geometry. An electron wave packet of energy E, momen-
tum k and width ∆x propagates along the zigzag direction in
a broad graphene sheet. It impinges on a circular, electrostat-
ically defined dot with radius R and applied potential V . If
the energy E is close to the charge neutrality point, the Dirac
approximation applies, yielding an linear dispersion. Note that
the kinetic energy of the incoming electron is positive (belong-
ing to the conduction band), while it is negative inside the
barrier if V > E. Therefore the electron inside the quantum
dot belongs to the valence band, and a negative electron refrac-
tion index, determined by the wave vectors inside and outside
of the gated region, is realised, n = (E − V )/E.
external electrostatic fields (gates, barriers). Basically we
assume the potential Vi = V for sites inside the dot and
zero outside this region (see Fig. 1). However, in order to
guarantee a smooth potential on the scale of the lattice
constant, we adopt a linear interpolation of Vi within a
small range R± 0.01R (except stated otherwise).
The time propagation and scattering of a Gaussian wave
packet created at time τ0 with width ∆x and momen-
tum kx (cf. Fig. 1), can be obtained by expanding—
in |ψ(τ)〉 = U(τ, τ0)|ψ(τ0)〉—the time propagation op-
erator U(τ, τ0) = U(∆τ) into a finite (M) series of
first-kind Chebyshev polynomials Tl(x) = cos(l arccos(x))
[15]: U(∆τ) = e−
ib∆τ
h¯
[
c0
(
d∆τ
h¯
)
+ 2
M∑
l=1
cl
(
d∆τ
h¯
)
Tl(H˜)
]
,
where cl(d∆τ/h¯) = (−i)lJl(d∆τ/h¯). Jl is the Bessel func-
tion. The spectrum of H˜ = (H − b)/d is rescaled by b and
d to be within the interval [−1, 1]. This method has also
been applied to wave-packet dynamics in graphene [16,17].
Then the time-dependent (local) particle densities and
current densities can be obtained numerically from
ni(τ) = |〈i|U(τ, τ0)|ψ(τ0)〉|2 , (2)
~ji(τ) = |〈i|(− ~J /e)U(τ, τ0)|ψ(τ0)〉|2 (3)
with the charge current operator
~J = − ite
h¯
∑
〈ij〉
(~rj − ~ri)(c†i cj − c†jci) . (4)
Scattering by a single dot. – We begin our analysis
with the time-evolution of an electron scattered at a single
quantum dot. Figure 2 shows our results for E/V < 1 (en-
tailing negative refractive index). For comparison with the
continuum model for plane wave scattering, we plot in the
upper panel the scattering efficiency Q, that is the scat-
tering cross section divided by the geometric cross section,
calculated in the Dirac approximation (for details of the
calculation see [9]). A series of resonances am appears in
Q, due to the excitation of normal modes of the dot. The
modes a0 turn out to be rather broad, while higher modes
am>0 entail very sharp resonances in Q. In the regime of
resonance the mismatch of wave length—large outside and
small inside the dot—suppresses the excitation of normal
modes except for the cases where one normal mode fits
particularly well into the dot for a specific combination of
E, V and R. Hence, resonances also appear for V < 0,
that is an n-n junction (entailing positive refractive index),
where these criteria can be satisfied too.
We compare this with the full lattice calculation for spe-
cific bias potentials V at the dot [marked (1) to (4) in Fig.
2)]. For this, we consider the scattering of a wave packet at
the dot. The middle panels show density snapshots taken
a long time after the wave packet has passed through the
dot. If scattering is dominated by the a0 mode (marker 1)
a significant fraction of electron density is removed from
the incident wave. Indicated by the broad line shape of
the a0 mode in Q (upper panel) electrons are only trapped
for a short time at the dot. As the major part of density
removed from the incident wave has been scattered off be-
fore the time of the density snapshot only a small increase
of density at the dot can be seen. For low V only the a0
mode can be excited. If this is not the case (marker 2) the
wave packet passes undisturbed through the dot. Tuning
V on the resonance of a1 (marker 3), the density snapshot
shows a significant dent in the passing wave front together
with strong particle confinement at the dot. Increasing V
further resonant scattering by the a2 mode overlaps with
a broad a0 background (marker 4). As a consequence, a
substantial fraction of density is removed from the wave
packet and scattered off (due to the mode a0) and another
substantial fraction is trapped at the dot (due to the mode
a2) from which it is scattered off very slowly.
In the lower panel of Fig. 2 we exemplify the time evolu-
tion during a scattering event at the a1 resonance (marker
3). Upon impact of the wave packet on the dot density is
collected at the dot. This leaves a depleted wake behind
the dot. The trapped fraction of density is ring-shaped
but not yet fully symmetric. After the passage of the
wave packet, this transient behaviour ends and the sym-
metric ring-shaped density profile, which perfectly fills the
dot, fully develops. The current field shows six vortices in
agreement with the Dirac approximation. They are re-
sponsible for electron trapping at the dot. The density
profile shows three directions with increased electron den-
sity corresponding to the three preferred scattering direc-
tions of the a1 modes (also seen in the current field).
For larger E an increasing number of modes am con-
tribute to scattering. An interesting particular case in
this respect is V = E (see Fig. 3a). In this case the en-
ergy of the incident electron falls on the Dirac point inside
the dot. No temporary electron trapping takes place. In-
stead, diffraction at the dot leads to an electron depleted
wake behind the dot and to an interference pattern in the
passing wave packet.
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Fig. 2: (Colour online) Scattering and particle confinement by a gate-defined circular quantum dot. The upper panel shows the
efficiency Q for plane wave scattering in the Dirac approximation. Depending on the potential V (at fixed energy E/t = 0.01
and dot radius R = 10 nm) scattering resonances appear when specific modes am are excited [9]. Below, density snapshots
obtained numerically for a tight-binding Hamiltonian are shown for wave packet scattering on a graphene sheet with Nz×Na =
12.000× 4.000 sites (z denotes the zigzag and a the armchair direction) corresponding to (1476× 852) nm2. The wave packet
with width ∆x = 148 nm is initialised at the position τ0γ = −369 nm (γ = 1.5at/h¯ is the slope of the energy dispersion
at the Dirac point). The middle panels give the electron density for specific V [marker (1)-(4) in the upper panel] at time
τ3 = 369 nm/γ when the wave packet has passed the dot already. The lower panels show three time steps during the scattering
process at the a1 resonance [marker (3)]. Here we also show the current density. The dot is indicated by the dashed circle.
Provided both E and V  t the lattice calculation con-
firms results obtained within the Dirac approximation. If
either E or V is not small compared to t, deviations from
the linear energy dispersion become appreciable. In Fig.
3b we consider the resonance a1 for a very small dot which
entails V ≈ t. The resonance is—albeit weakened—still
observable. The particle confinement, however, is much
weaker and characteristics such as the ring-shaped den-
sity and the three characteristic scattering angles are no
longer discernible.
Properties of dot-bound normal modes. – Nor-
mal modes am of the dot lead to sharp resonances in the
scattering efficiency. They appear for particular values
of R, V , and E and allow electron trapping at the dot.
From the perspective of scattering the energy of normal
modes can be determined, for given V and R, by setting
the imaginary part of the denominator of the scattering
coefficients zero [9].
For an equilibrium situation (without incident wave) the
normal modes can be interpreted as decaying states. In
this case they are the solutions of the Dirac equation with
outgoing boundary condition and complex energies [10,
13]. The life-time of these quasi-bound states can be very
long and for the case E = 0 and particular combinations
of V and R they become true bound states [7]. For E 6= 0
the dot-bound states hybridise with extended states and
an electron can only be trapped temporarily by them.
Each mode am consists of two states. One has the to-
tal angular momentum (orbital angular momentum and
pseudo-spin) of j = m+ 1/2, the other of j = −m− 1/2.
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Fig. 3: (Colour online) Density snapshots after wave packet
scattering on a circular dot. Left: Threshold incidence with
E/t = V/t = 0.09648 (Sample size, dot radius, initialisation
of the wave packet and time of the snapshot are chosen as in
Fig. 2). Right: Mode a1 away from the Dirac regime for a
very small dot with R = 1 nm, E/t = 0.1, V/t = 0.9648,
τ0γ = −36.9 nm, τγ = 36.9 nm and ∆x = 14.8 nm.
Over the course of wave packet scattering both are excited
and their superposition gives the characteristic vortex pat-
tern of the modes am (see Fig. 2 for a1). As these two
states are twofold degenerate with respect to the valleys
K and K ′, the mode am is associated with four states.
We study the bound or quasi-bound states for a sin-
gle dot on graphene by means of exact diagonalisation
(ED). The energy spectrum we obtain consists of extended
states, which show no enhanced density at the dot, inter-
spersed with groups of four states having very small energy
differences and large density at the dot. They can be iden-
tified as the normal modes of the dot. One representative
of the four states making up the modes a1 and a2 is shown
in Fig. 4. Here, we have chosen V and R such that the
mode a1 at E ≈ 0 is a bound state and the mode a2 is a
quasi-bound state with E < 0.
The density profiles of the states obtained by ED show
a pattern in the sub-lattice make-up which can be related
to the vortex structure in the current field at the scatter-
ing resonances. Comparing for the mode a1 the density
profile from ED (Fig. 4) with the current field (Fig. 2)
we find that at the vortex cores only one sub-lattice is
occupied while between them the electron density is dis-
tributed equally on both sub-lattices. Averaged over sev-
eral lattice sites the density is radially symmetric. A su-
perposition of the state shown in Fig. 4 with another state
of the a1 mode which also occupies the same sub-lattice
at the vortex cores realises the current pattern shown in
Fig. 2. In the vortex cores only one sub-lattice is occupied.
Thus, there can be no hopping between neighbouring lat-
tice sites and the current is zero. Between the vortex cores
both sub-lattices are occupied and hopping gives rise to a
current. Figure 4 also confirms that the character of the
modes am is relatively insensitive to the grading width of
the potential.
Optical excitation of dot-bound normal modes.
– In the previous sections we have studied the excitation
of quasi-bound states at the dot during wave packet scat-
a a21
E/t=-0.0215E/t=0.0039
10nm
10-8
10-7
10-6
n
(r)
0 20 40 60 80
r [nm]
10-7
10-6
10-5
a1
a2
Fig. 4: (Colour online) Dot-localised states associated with
the normal modes am. Left: density profiles obtained by ED
for a graphene sheet with periodic boundary conditions and
Nz × Na = 2000 × 1200 corresponding to (246 × 256) nm2
with a dot with R = 10 nm and V/t = 0.081615. Each panel
shows one representative out of the four states making up a
mode am. The intensity, normalised to the maximum density,
increases from black over red to yellow. Magnifications are
shown above. Each tile gives the electron density on one lattice
site. Right: Radial density profile for different grading widths
R ± 0.01R (solid line), R ± 0.3R (dashed line) and R ± 0.5R
(dash-dot line). The modes am are only weakly sensitive to the
grading width. The mode a1 is a bound state, while the mode
a2 is a long-living decaying state.
V
R
tD
D
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Fig. 5: (Colour online) Schematic representation of a linear
array of dots. Dots with radius R have a distance of D. The
applied bias V is such that a free standing dot supports a
bound state with energy E ≈ 0. Overlap with bound states
at neighbouring dots leads to a hybridisation of bound states
and gives rise to an effective dot-dot transfer (indicated by tD).
The dot-localised states can also be probed optically.
tering. For the case E = 0, where the dot-bound states
do not decay, they are not coupled to the continuum and
can not be populated in the course of a scattering process.
These dot-bound states could be excited optically. Sig-
natures of such a process should be found in the optical
conductivity which we will study in the following. The so-
called regular contribution to the real part of the optical
conductivity is given by
σα(ω) =
pih¯
ωΩ
∑
i,j
|〈i|Jα|j〉|2[f(Ei)− f(Ej)]δ(ω + Ei − Ej)
=
pih¯
ω
∫ ∞
−∞
dEjα(E,E + ω)[f(E)− f(E + ω)] (5)
with Ω = NaNz
√
3a2/4. f(E) =
[
eβ(E−µ) + 1
]−1
is the
Fermi function with chemical potential µ. The current op-
erator Jα=x,y is given by Eq. (4). σα(ω) can be efficiently
calculated by the kernel polynomial method [18, 19]. The
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Fig. 6: (Colour online) Left: Current matrix element jy(E1, E2) as a function of the energies E1 and E2 for a chain of ten dots
in an armchair graphene nano-ribbon with Nz ×Na = 488× 1888 corresponding to (60 × 402) nm2. The dot radii R = 10 nm,
their separation D = 40 nm, and the potential V/t = 0.081615. Right: Optical conductivity of this system (full line), a typical
sample of 10 dots with a random distribution of radii R ∈ [9.5nm,10.5nm] (dash-dot line) and a nano-ribbon without dots (thin
dashed line) for two different chemical potentials µ at β = 100/t (corresponding to T = 350 K). The Drude peak at ω = 0 is
due to µ < 0. The domain of the current matrix element which contributes most is indicated by the dashed lines. In (a) the
peak at ω/t = 0.02 is due to transitions from the a2 to the a1 mode. In (b) this peak corresponds to the a3 to a2 transition.
Varying the chemical potential—by tuning the voltage at the back gate—one can bring different transitions am → am±1 into
observational range. The signature of these transitions does not change much even for slightly different dot radii.
key information is encoded in the current matrix element
jα(E1, E2) =
1
Ω
Tr[Jαδ(E1 −H)Jαδ(E2 −H)] . (6)
As the effect of one dot in a large graphene sheet is
relatively small we study the optical conductivity for an
array of dots. Specifically, we consider a linear chain of
ten dots on an armchair nano-ribbon. Again we adjust V
and R so that a free-standing dot supports a bound a1
mode. For the linear chain of dots (illustrated in Fig. 5)
the coupling of the normal modes at neighbouring dots
broadens the bound states somewhat.
The current matrix element is shown on the left panel
of Fig. 6. The spectral weight along the diagonal E1 = E2
controls the DC conductivity (ω = 0). For an armchair
ribbon without dots (not shown) no spectral weight ap-
pears close to E1 = E2 = 0 as a consequence of a mid-band
energy gap caused by finite-size effects. For a system with
dots, however, some spectral weight is found in this region.
Spectral weight along the line E1 = −E2 stems from the
vertical pi–pi∗ inter-band transitions and contributes to the
AC conductivity.
Transitions between dot-bound states lead to sharp, se-
lective increases in jy(E1, E2) if both E1 and E2 coincide
with energies of normal modes am. Calculating the cur-
rent matrix element between two normal modes |m1〉 and
|m2〉 in the Dirac approximation we find 〈m1|Jα|m2〉 ∼
δm1,m2±1. This selection rule, which allows only transi-
tions am → am±1, is confirmed by Fig. 6.
While the current matrix element is not directly acces-
sible experimentally, the optical conductivity is (shown
on the right panel of Fig. 6). For a narrow nano-ribbon
without dots, van Hove singularities, linked to the set of
quasi one-dimensional bands, lead to sharp peaks in σy(ω).
For a ribbon with dots these peaks are suppressed. At
low energies, the optical conductivity shows a sharp peak
at the energy difference between two dot-bound modes
which reflects transitions am → am±1. The frequency of
these transitions is ω ∝ γ/R (in the Dirac approximation
we obtain ωn,m ' h¯γ(jm,1 − jn,1)/R with jm,s zeros of
Bessel functions). Tuning the chemical potential µ, differ-
ent transitions between dot-bound states can be selected.
Note that the signature of transitions between dot-bound
states prevails even for a uniform distribution of radii by
10%. Thus an absorption measurement for an array of
dots on a nano-ribbon should allow to probe dot-bound
states optically.
Transport through a linear array of dots. – Fi-
nally, we turn to the propagation of an excitation along
a linear chain of dots (see Fig. 7). For this we consider a
configuration of eleven dots in an unbiased graphene sheet.
For the applied bias a free-standing dot supports a bound
a1 mode. As the wave functions of bound a1 modes at
neighbouring dots overlap electrons are no longer perma-
nently confined at one particular dot. Instead, the hy-
bridisation of neighbouring bound states allows the trans-
fer of electrons from one dot to another. We now turn to
the propagation of an a1 mode excited at the central dot
along the chain of dots. Thereby we discuss the different
time scales of electron transport on the lattice scale and
between dots.
In Fig. 7 we plot a consecutive series of three density
snapshots. At τ = 0 the a1 mode is excited at the cen-
tral dot. The state we prepare is a superposition of the
two states obtained by ED for a single dot which has the
current pattern shown in Fig. 2. For comparison with the
propagation on the lattice scale we measure time in units
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Fig. 7: (Colour online) Propagation of an electronic excitation along a linear chain of dots. The eleven dots are aligned on a
graphene sheet with Nz×Na = 12.000×4.000 sites corresponding to (1476×852) nm2. The parameters R, D and V are chosen
as in Fig. 6. At time τ = 0 the a1 mode (energy E = 0) is excited at the central dot. The left panels show the current field
(top) and the density profile (bottom) after τ = 500h¯/t. The right panels give two density snapshots at later times.
of h¯/t. The first snapshot is taken for τ = 500h¯/t (on the
order of 500 particle hops between neighbouring lattice
sites, corresponding to about 106.5 nm of a propagating
wave packet). The major fraction of the wave function is
still localised at the central dot which shows the density
and current density profile for the a1 mode. Obviously
the electron transfer between dots is much slower than
the transport on the lattice scale. The electron transfer
to neighbouring dots proceeds along the preferred scatter-
ing directions of the a1 mode. Forward scattering popu-
lates the dot to the right while scattering to the left and
right backward direction—bent to the neighbouring dot—
transfers electron density to the dot on the left.
The difference in inter-dot hopping to the left and right
is even more drastic after τ = 2000h¯/t. The direct transfer
to the right allows a much faster propagation to the right
compared with the propagation to the left which is much
slower. Note also, that the density at the central dot has
decreased and is surpassed by the density at the dots to
the right and left.
Conclusions. – Employing exact numerical tech-
niques for a tight-binding Hamiltonian we have studied the
electron dynamics in graphene with circular gate-defined
quantum dots. Tracing the time evolution of wave packet
scattering on a free-standing dot we find temporary parti-
cle trapping at the dot when normal modes become reso-
nant. Thereby we confirm results obtained with the Dirac
equation. Signatures of dot-bound states also appear in
the optical conductivity. Varying the chemical potential—
controlled by the back gate—should allow an experimental
confirmation of the series of quasi-bound states at the dot.
Following the propagation of an excitation along a linear
chain of dots we can identify an effective inter-dot hopping
on a reduced time scale.
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